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Session 1
Introduction
Ernesto Gutierrez-Miravete
Spring 2003
1 Numerical Analysis
Numerical analysis is the study of methods used to generate approximate solutions to mathematical problems. Many problems in engineering and science are most suitably formulated
in mathematical terms. Only the simplest problems can be solved using analytical techniques
and approximate solutions must be obtained using numerical methods. The notes for this
session contain a review of elementary material which will be needed in the sequel.
2 Calculus Review
We will consider real valued functions f (x) of the independent real variable x. f has a limit
L at x0 if for any " > 0 there is a corresponding Æ > 0 such that jf (x) Lj < " when
0 < jx x0j < Æ. A function is continuous at x = x0 if it has as its limit its value. A function
continuous in [a; b] is f (x) 2 C [a; b]
A sequence of numbers fxng1n=1 converges to a number x if there is an " > 0 and a
number N (") such that n > N (") implies jxn xj < ".
The derivative of a function at a point, df=dx = f 0(x) is
df
dx
f (x)
= f 0(x) = xlim
!x
x
0
f (x0 )
x0
Functions with n continuous derivatives are f (x) 2 C n[a; b]. Note that dierentiable
functions are continuous but not viceversa.
Rolle's Theorem. If f (x) is continuous and dierentiable in [a; b] and f (a) = f (b) = 0
then, for some a < c < b f 0(c) = 0.
Mean Value Theorem. If f (x) is continuous and dierentiable in [a; b] then, for some
a < c < b f 0 (c) = f (bb) af (a) .
1
Extreme Value Theorem. If f (x) 2 C [a; b] there are
f (c1 ) < f (x) < f (c2 ) for each x 2 [a; b].
Riemmann integral. The integral of f (x) from a to b is
Z b
a
f (x)dx = lim
x!0
n
X
i=1
two points c1; c2 such that
f (xi )xi
Average Value Theorem. The average value of a function in [a; b] is f (c) = b 1 a ab f (x)dx.
Generalized Rolle's Theorem. If f (x) 2 C n [a; b] and is equal to zero at n + 1 points,
then there is a c for which f (n)(c) = 0.
Intermediate Value Theorem. If f (x) 2 C [a; b] and K 2 [f (a); f (b)], then there is a
c for which f (c) = K .
Taylor polynomial Theorem. If f (x) 2 C n[a; b] and x0 2 [a; b], for every x 2 [a; b]
there is a (x) between x0 and x such that f (x) can be represented in terms of the nth-order
Taylor polynomial Pn(x) and the remainder or truncation error Rn(x), i.e.
R
with
f (x) = Pn (x) + Rn(x)
Pn (x) = f (x0 ) + f 0 (x0 )(x x0) +
and
Rn(x) =
f 00 (x0)
2! (x
x0)2 + :::: +
f (n) (x0 )
(
x x0 )n
n!
f (n+1) ( (x))
n+1
(n + 1)! (x x0)
If x0 = 0 one obtains the Maclauring polynomial.
Example: The third order Taylor (Maclauring) polynomial of f (x) = cos(x) about
x x0 = 0, P3 (x) is given by
1 x2 + 1 cos( (x))
P3 (x) + R3(x) = 1
2 24
3 Rounding Errors and Computer Arithmetic
Only a small subset of real numbers can be represented in computers. Rounding/Roundo
errors always occur in computer calculation since only approximate representations of real
numbers are used. Roundo errors can be reduced by using high-order arithmetic (double
precision) but they can not be eliminated. Computers handle numbers using a oating point
representation consisting of a fractional part (mantissa) and an exponential part (characteristic).
2
The maximum and minimum numbers the computer can represent are xed. When
an attempt to exceed the maximum number is made, an overow takes place. When an
attempt to go below the minimum number is made, an underow takes place. The following
FORTRAN program nds the value of the smallest number that can be represented by your
computer.
eps = 1.0
10 eps = 0.5*eps
write(6,*) eps
epsp1 = eps + 1.0
if(epsp1.gt.1) go to 10
stop
end
If a number is within the numerical range of the computer, its oating point representation can be obtained either by chopping or rounding. As a result, when the oating point
numbers are used in computation, roundo error always occurs.
Example: The representation of the number to ve decimals using choping is 0:31415
101 while using rounding is 0:31416 101.
Absolute and Relative Errors (Denition). Let p approximate p, the absolute
error is jp p j and the relative error is jp p j=jpj (p 6= 0).
Signicant digits (Denition). p approximates p to t signicant digits if
jp
p j
jpj
< 5 10
t
Besides rounding errors, the two other types of errors often encounterd in numerical
computing are discretization errors (resulting when a continuous problem is replaced by
its discrete analogue) and convergence errors (resulting from the termination of an innite
sequence after a nite number of terms). A key goal of successful numerical computing is
the production of computed results in which all errors are as small as possible.
4 Algorithms and Covergence
A numerical method is an approach for the determination of approximate solutions of mathematical problems. An algorithm is a procedure describing clearly the steps of a computation.
A high level computer languaje is used to code the algorithm for machine computation.
Numerical methods are stable if small changes in data produce correspondingly small
changes in output. A methos in unstable if that is not the case. Linear growth of errors
occur in stable methods while exponential growth is common in unstable methods.
3
Rate of Covergence (Denition). If fn g1
n=1 is a sequence converging to zero while
1
fngn=1 converges to and there is a K > 0 such that
jn
j K jn j
Then fng1n=1 converges to with rate O(n). Usually
n = + O(1=np )
5 Numerical Software
The software included with the text is the minimum suÆcient for the purposes of this class.
Coded programs of the numerical methods described are available in FORTRAN, C, Pascal,
Maple, Mathematica and Matlab. More sophisticated software, essential for the solution of
more complicated problems and production runs is readily available elsewhere.
4
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