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Lecture 4.5
Contemporary Mathematics
Instruction: Distributions
This lecture discusses types of distributions plus an interesting use of the standard
deviation. Lecture 4.2 discussed frequency distribution graphs. This lecture discusses some
general types of shapes of frequency distributions.
One general shape of frequency distribution graphs includes symmetrical distributions.
With symmetrical distributions, a vertical line can be drawn through the middle in such a way
that one side of the distribution is an exact mirror image of the other as shown below in Figures
A and B. Figure B demonstrates a bimodal symmetrical distribution.
Figure A
f 25
20
15
10
5
0
symmetrical distribution
Figure B
f 20
15
10
5
0
bimodal symmetrical distribution
Here the term bimodal means that the two data points (or classes) have the same frequency,
which is how we will use the term bimodal in this course. Bimodal can refer to non-symmetrical
distributions with two distinct peaks on either side of the center of the distribution.
Another general shape of frequency distribution graphs includes skewed distributions.
Skewed distributions tend to form graphs that rise up toward one end of the range of scores.
These distributions often taper off gradually at the opposite end. The tapering end is called the
tail. Figure C below demonstrates a positively skewed distribution. The modifier "positively"
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derives from the fact that the tail points in the positive direction. Figure D below demonstrates a
negatively skewed distribution.
Figure D
Figure C
f
f 25
25
20
20
15
15
10
10
5
5
0
0
positively skewed distribution
negatively skewed distribution
Finally, a frequency distribution graph can be uniform (or rectangular). Uniform
distributions form a rectangle because all the objects (or classes) have equal frequencies. Figure
E below demonstrates a uniform distribution.
Figure E
f
20
15
10
5
0
uniform distribution
It is easy to imagine how challenging it would be to construct a frequency distribution
graph for a population because populations tend to be large data sets and recording
measurements and frequencies for the entire group would be cumbersome. It is sometimes
easier, however, to construct relative frequency graphs for populations. Using statistical
procedures applied to samples, researchers can sometimes infer information about the relative
frequencies of populations. In such cases, the distributions are outlined with smooth curves.
Figure P below displays a symmetrical relative frequency distribution for a population.
Lecture 4.5
Instruction: Chebyshev's Theorem
The Russian statistician Pafnuti Chebyshev discovered a useful fact given in the box
below that applies to all distributions regardless of their shape.
Chebyshev's Theorem states that the fraction of any data set lying within k
standard deviations of the mean where k > 1 is at least:
k2 −1
.
k2
This theorem tells us that at least 75% of the scores in a data set lie within two standard
deviations of the mean as calculated below.
If k = 2, then
k 2 − 1 22 − 1 4 − 1 3
= 2 =
= = 0.75 = 75%
k2
2
4
4
Application Exercise 4.5
Problems
#1
Use Chebyshev’s Theorem to determine the minimum percentage of the items in any data
set which lie within four standard deviations of the mean?
Consider a distribution where the mean is twenty-two and the standard deviation is four. At least
what fraction of the values are between the following pairs of numbers.
#2
14 and 30
#3
16 and 28
#4
9 and 35
#5
2 and 42
#1 93.75%
#3 5/9
#5 24/25
#2 3/4
#4 153/169
Assignment 4.5
Problems
#1
Use Chebyshev’s Theorem to determine the minimum percentage of the items in any data
set which lie within three standard deviations of the mean?
Consider a distribution where the mean is seventy and the standard deviation is eight. At least
what fraction of the values are between the following pairs of numbers.
#2
54 and 86
#3
46 and 94
#4
38 and 102
#5
34 and 106
Lecture 4.6
Contemporary Mathematics
Instruction: Measures of Position
This lecture discusses measures of position. The median discussed in Lecture 4.3 is an
example of a measure of position. Since the median is the middle number (or average of the two
middle numbers), the median is a measure of position that reveals which score occupies the
center of the distribution.
A measure of position is a statistic that reveals a score's position in the
distribution of a data set.
Percentiles are measures of position that reveal what percent of the scores equal or fall
below a given score. Percentiles divide the distribution of the data set into one hundred parts.
A percentile is a numerical value assigned to a given score that indicates what
percent of the scores in the data set equal or fall below the given score.
According to the definition above, a percentile is a position. The bottom percentile is zero. The
top percentile is 99. The score with zero percentile is the lowest score. The score with the 99th
percentile is the greatest score. To calculate the percentile of xi , divide the number of scores
less than xi by n where n is the total number of scores in the data set and convert to a percent.
To find the position of a score that occupies a given percentile, multiply the decimal equivalent
of the percentile by n and select the next largest integer.
Consider data set A = {22, 21, 14, 20, 19, 27, 17, 22, 26, 24}. Arranging the data set in
ascending order reveals that eight scores fall below 26:
A = {14, 17, 19, 20, 21, 22, 22, 24, | 26, 27}
Accordingly, a score of 26 corresponds to the 80th percentile as calculated below.
8
= 0.8 = 80%
10
To find the position of the score in the 40th percentile for set A, we multiply 40% by the cardinal
number of the set to get 4 then move to the next integer 5.
0.4 × 10 = 4 ⇒ 5
Hence, the fifth score in the ordered data set occupies the 40th percentile, so 21 corresponds to
the 40th percentile.
Another statistical measure of position is the quartile defined in the box below.
A quartile divides the distribution into quarters. The quartiles, denoted
Q1 , Q2 , and Q3 , are the three numbers that occupy the 25th, 50th, and 75th
percentiles respectively.
Lecture 4.6
The second quartile, Q2 , equals the median. The first quartile, Q1 , equals the median of the
scores that fall below Q2 . The third quartile, Q3 , equals the median of the scores that fall above
Q2 .
For a given sample, the three quartiles together with the lowest value (zero percentile)
and the greatest value (99th percentile) act as a set of five numbers called the five number
summary of a data set. These five numbers are used to create a box plot (or box-and-whisker
plot) defined below.
A box plot is a graphical display that uses a rectangle and two line
segments to summarize a data set. The entire display hovers over a
number line. The rectangle extends from the first quartile to the third
quartile and is divided into two parts by a vertical line segment drawn over
the median (second quartile). From the left and right sides of the rectangle,
two line segments called whiskers extend to the least and greatest scores
respectively.
Consider the data set B = {1, 2, 3, 6, 6, 7, 8, 8, 8, 9, 9, 11, 11, 12, 17}. The display below is a
box plot representing data set B.
Q1
Q2
Q3
The box plot conveys the central tendency, the location of the middle half of the data, the
dispersion, and the skew-ness. The location of the median shows the central tendency. The
rectangle reveals the middle half of the data. The reach of the whiskers exposes the range, and
the non-symmetry or symmetry of box and whiskers displays the skew-ness.
The most important measure of position is the z-score defined below.
A z-score is a numerical value assigned to a raw score that measures the
distance between the raw score and the mean in standard deviations. For a
given sample S with mean x and standard deviation s, the z-score of some
raw score xi in S, is given by
zi =
xi − x
.
s
Since a z-score is a ratio of a raw score's deviation from the mean to the standard deviation, zscores assigned to raw scores below the mean will be negative while those assigned to raw scores
above the mean will be positive.
Lecture 4.6
If we recall Chebyshev's Theorem, we see the significance of a z-score. Chebyshev's
theorem stated that at least ( k 2 − 1) k 2 of the data of any distribution falls within k standard
deviations. Since a z-score equals a number of standard deviations, a raw score's z-score can be
substituted for k. Using Chebyshev's Theorem, we know that at least 93.75% of the data falls
between the data point with a z-score of –4 and the data point with a z-score of +4. As a
consequence, we note that any data point with a z-score smaller than –4 or greater than +4 is
fairly atypical of the data set. Imagine a doctor examining a child of a certain age whose weight
has a z-score of –4.2. The doctor knows immediately that most children in a comparable
population or sample have a greater weight. Accordingly, the doctor has statistical evidence to
warrant expensive medical tests to see if there is some underlying medical cause for the child's
low weight. Chebyshev's Theorem applies to any distribution of data. The next lecture discusses
a particular type of distribution that imbues z-scores with even more significance.
Application Exercise 4.6
Problems
Suppose NASA studies the effects of micro-gravity on the immune system. As part of this study,
NASA collects thirty blood samples from astronauts after six consecutive weeks in orbit and
records the number of white cells in thousands per cubic millimeter below.
3.6
5.9
6.3
5.1
5.0
7.2
5.2
9.3
8.1
7.1
9.9
9.2
5.9
9.9
5.7
7.9
9.9
8.4
6.0
8.5
6.7
#1
Find the 42nd percentile for the sample.
#2
Find the 86th percentile for the sample.
#3
Find the five-number summary for the data set.
7.9
7.7
4.4
8.0
4.7
6.9
7.8
9.1
4.9
#4
NASA tests two samples of engines. Engine 157-A belonged to sample A and exerted
400,000 lbs of thrust. Engine 243-B belonged to sample B and exerted 398,000 lbs of thrust.
Consult the table below and determine which engine performed better relative to the engines in
its sample using a z-score comparison.
sample mean
sample standard deviation
#1
#2
#3
#4
Sample A
398,500 lbs
1,200 lbs
Sample B
396,000 lbs
750 lbs
6.7
9.2
3.6, 5.7, 7.15, 8.4, 9.9
2.6 > 1.25 ; Engine 243-B performed better relative to its sample.
Assignment 4.6
Problems
#1
Two friends, Frick and Frack, who take different history classes, took their midterm
exams on the same day. Frick’s score was 86 while Frack’s score was 78. Which
student did relatively better, given the class data shown below?
Class mean
Class standard deviation
Frick
73
8
Frack
69
5
59
70
62
58
63
79
65
68
Consider the data set below.
46
69
61
56
59
79
64
61
63
62
67
64
66
52
70
67
69
59
83
71
75
64
66
88
#2
Find the 35th percentile for the data set.
#3
Find the 86th percentile for the data set.
#4
Find the first, second, and third quartiles.
#5
Construct a box plot for the data set.
51
67
56
71
66
55
68
72
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