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Abstract
The theory of generalized thermoelasticity, based on the theory of Lord and Shulman with one relaxation time, is used to study
the electromagneto-thermoelastic interactions in an infinitely long perfectly conducting solid cylinder subjected to a thermal
shock on its surface when the cylinder and its adjoining vacuum is subjected to a uniform axial magnetic field. The cylinder
deforms because of thermal shock, and due to the application of the magnetic field, there result an induced magnetic and an
induced electric field in the cylinder. The Maxwell’s equations are formulated and the generalized electromagneto-thermoelastic
coupled governing equations are established. By means of the Laplace transform and numerical Laplace inversion the problem is
solved. The distributions of the considered temperature, stress, displacement, induced magnetic and electric field are represented
graphically. From the distributions, it can be found the electromagnetic-thermoelastic coupled effects and the wave type heat
propagation in the medium. This indicates that the generalized heat conduction mechanism is completely different from the
classic Fourier’s in essence. In generalized thermoelasticity theory heat propagates as a wave with finite velocity instead of
infinite velocity in medium.
 2004 Elsevier SAS. All rights reserved.
Keywords: Thermal relaxation time; Lord–Shulman generalized thermoelasticity theory; Numerical Laplace inversion;
Electromagneto-thermoelastic couple; Thermal wave
1. Introduction
In 1960’s the generalized thermoelasticity theories were developed to eliminate the paradox inherent in the classical theories
predicting infinite speed of propagation for heat field. The generalized thermoelasticity theories admit so-called second-sound
effects, that is, which predict only finite velocity of propagation for heat field. At present, there are two different theories of the
generalized thermoelasticity, the first was developed by Lord and Shulman (1967) who obtained a wave-type heat conduction
by postulating a new law of heat conduction to replace the classical Fourier’s law. This new law contains the heat flux vector as
well as its time derivative. It contains also a new constant that acts as a relaxation time. The second was developed by Green and
Lindsay (1972). This theory contains two constants that act as relaxation times and modifies all the equations of the coupled
theory not the heat conduction equation only. The two theories both ensure finite speeds of propagation for heat wave.
* Corresponding author. Tel.: +86 29 82668751; fax: +86 29 83237910
E-mail address: [email protected] (Y. Shen).
0997-7538/$ – see front matter  2004 Elsevier SAS. All rights reserved.
doi:10.1016/j.euromechsol.2004.12.001
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Investigation of the dynamic problem concerning the interactions among electromagnetic field, temperature, stress and
strain in a thermoelastic solid is immensely important because of its extensive uses in diverse fields, such as geophysics for
understanding the effect of the Earth magnetic field on seismic waves, damping of acoustic waves in a magnetic field, emissions
of electromagnetic radiations from nuclear devices, electrical power engineering, optics et al.
Great attention has been devoted to the study of electromagneto-thermoelastic coupled problems based on the generalized
thermoelastic theories. In the context of Lord–Shulman theory, Sherief and Ezzat (1998) investigated a problem of an infinitely
long electrically and thermally conducting annular cylinder in generalized magneto-thermoelasticity by Laplace transforms,
and the third class thermal boundary condition was applied to the inner and outer surface of the annular cylinder. Santwana and
Roychoudhuri (1997) studied the magneto-thermo-elastic interactions in an infinitely isotropic elastic cylinder subjected to a
periodic loading. Sherief (1994) dealt with a magneto-thermoelastic problem for an infinitely long electrically and thermally
conducting solid circular cylinder by means of Laplace transforms, similar to Sherief and Ezzat (1998), the third class thermal
boundary condition was considered.
Based on Lord–Shulman theory, a generalized electromagneto-thermoelastic coupled problem of an infinitely long perfectly
conducting solid cylinder subjected to a thermal shock on its surface is considered in this paper, and the thermal boundary
condition is the first class. Except the difference of the thermal boundary condition from Sherief and Ezzat (1998) and Sherief
(1994), the cylinder in Sherief and Ezzat (1998) and Sherief (1994) is electrically and thermally conducting, while the cylinder
in this paper is perfectly conducting. Due to the infinite electric conductivity considered in this paper, the Maxwell’s equations
differ from those equations derived from the finite electric conductivity in Sherief and Ezzat (1998) and Sherief (1994). This
leads to the main difference between the present paper and the papers Sherief and Ezzat (1998) and Sherief (1994) is that
here a fourth-order characteristic equation is solved but a sixth-order characteristic equation is solved respectively in Sherief
and Ezzat (1998) and Sherief (1994). Because of the above differences, the distributions of stress, induced magnetic field and
electric field shown in this paper are completely different from those in Sherief and Ezzat (1998) and Sherief (1994). The
physical explanations are given seriatim corresponding to the distributions of the considered physical variables obtained in this
paper.
2. Formulation of the problem
In the absence of external body forces and inner heat sources, considering the Lorentz force, the motion equation has the
following form
∂ 2 ui
,
(1)
∂t 2
where σij is the components of stress tensor, ui is the components of displacement vector, ρ is mass density, Fi is the components of Lorentz force, whose expression is
σij,j + Fi = ρ
Fi = µ0 (J × H)i ,
where J is the current density vector and H is the external applied magnetic field intensity vector.
The energy equation in the context of Lord–Shulman generalized thermoelasticity theory is
∂
∂2
+ τ0 2 (ρcv T + λij T0 eij ),
κij T,ij =
∂t
∂t
(2)
(3)
where eij is the components of strain tensor, T is absolute temperature of the medium, T0 is reference temperature, κij is the
coefficient of thermal conductivity, τ0 is thermal relaxation time, cv is specific heat at constant strain, and λij is thermal moduli.
In the above equations, a comma followed by a suffix denotes material derivative.
We consider an infinitely long isotropic perfectly conducting solid cylinder. (r, ϕ, z) are taken as the cylindrical coordinates
with z-axis along the axial direction of the cylinder. The cylinder is placed in a magnetic field with constant intensity H =
(0, 0, H0 ) acting parallel to the direction of the z-axis. The surface of the cylinder is subjected at time t = 0 to a thermal shock.
The cylinder deforms because of thermal shock. Due to the application of the initial magnetic field H, there result an induced
magnetic field h and an induced electric field E. The simplified linear equations of electrodynamics of slowly moving medium
for a perfectly homogeneous conducting elastic solid are
∇ × h = J + ε0 Ė,
(4)
∇ × E = −µ0 ḣ,
E = −µ0 u̇ × H ,
(5)
(6)
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∇ · h = 0,
(7)
∇ · E = 0,
(8)
where µ0 and ε0 are the electric and magnetic permeabilities respectively, and ∇ is the Hamilton’s operator. In the above
equations, a superposed dot denotes the derivative with respect to time.
Due to the symmetries of the cylinder and the external applied thermal field, the displacement u has components
ur = u(r, t),
uϕ = 0,
uz = 0.
(9)
From Eq. (9) we can obtain the strain components
∂u
u
, eϕϕ = , ezz = erϕ = erz = eϕz = 0.
∂r
r
The cubic dilatation e is thus given by
err =
∂u u 1 ∂(ru)
+ =
∂r
r
r ∂r
the stress components are given by
e = err + eϕϕ + ezz =
(10)
(11)
∂u
+ λe − γ (T − T0 ),
∂r
u
σϕϕ = 2µ + λe − γ (T − T0 ),
r
σzz = λe − γ (T − T0 ),
σrr = 2µ
(12)
where λ and µ are Lame’s constants, γ = (3λ + 2µ)αt , αt is linear thermal expansion coefficient.
In the adjoining free space of the cylinder the Maxwell’s equations can be written as
∇ × h0 = ε00
∇ · h0 = 0,
∂E 0
,
∂t
∇ × E 0 = −µ00
∇ · E 0 = 0,
∂h0
,
∂t
(13)
where the superscript “0” refers to values in the free space. We assume the relative permeabilities in cylinder and in free space
are equal.
From Eqs. (5), (6) and (13), the induced field components in the cylinder and also in the adjoining free space are found to be
∂u
h = (0, 0, h) = (0, 0, −H0 e),
(14)
E = (0, E, 0) = 0, µ0 H0 , 0 ,
∂t
E0 = (0, E 0 , 0),
h0 = (0, 0, h0z ).
From Eqs. (4) and (14), the components of current density vector have the following form
∂e
∂ 2u
− ε0 µ0 H0 2 , 0 .
J = 0, H0
∂r
∂t
The components of Lorentz force can be obtained from Eqs. (2) and (16)
∂e
∂ 2u
− ε0 µ0 2 , 0, 0 .
F = µ0 H02
∂r
∂t
(15)
(16)
(17)
The motion equation (1) then reduces to
σrr,r +
σrr − σϕϕ
∂ 2u
+ Fr = ρ 2 .
r
∂t
(18)
Thus from Eqs. (12), (17) and (18), we obtain
(λ + 2µ + µ0 H02 )
∂T
∂e
∂ 2u
−γ
= (ε0 µ20 H02 + ρ) 2 .
∂r
∂r
∂t
(19)
Applying the operator (1/r)(∂/∂r)(r) to both sides of the above equation, we obtain
(λ + 2µ + µ0 H02 )∇ 2 e − γ ∇ 2 T = (ε0 µ20 H02 + ρ)
∂ 2e
.
∂t 2
(20)
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For isotropic material, energy equation (3) reduces to
∂
∂2 κ∇ 2 T =
+ τ0 2 ρcv T + γ T0 e .
∂t
∂t
(21)
Using ∇ × (∇ × A) = ∇(∇ · A) − ∇ 2 A, we can obtain from Eqs. (13)
∂ 2 h0z
∇ 2 h0z − ε0 µ0
∂t 2
= 0,
(22)
where∇ 2 is Laplace operator
∂2
1 ∂
+
.
r ∂r
∂r 2
Due to the induced fields, there results a stress called Maxwell stress in the cylinder, given by
∇2 =
(23)
Mij = µ0 (Hi hj + Hj hi − δij Hk hk ).
(24)
In our problem the non-vanishing components of the tensor Mij are
Mrr = Mϕϕ = −Mzz = −µ0 H0 h.
(25)
For convenience, the following non-dimensional quantities are introduced
r ∗ = c1 ηr,
σij
,
σij∗ =
µ
E∗ =
u∗ = c1 ηu, t ∗ = c12 ηt, τ0∗ = c12 ητ0 ,
∗ = Mij , θ ∗ = T − T0 , h∗ = µ0 H0 h ,
Mij
µ
T0
ρc2
(26)
1
H0 E
η=
,
ρc13
ρcv
,
κ
c12 =
λ + 2µ µ0 H02
+
.
ρ
ρ
In terms of the non-dimensional quantities defined in (26), Eqs. (20)–(22) reduce to (dropping the asterisks for convenience)
∂ 2e
∇ 2 e − g1 ∇ 2 θ = g2 2 ,
∂t
2 ∂
∂
∇2θ =
+ τ0 2 (θ + g3 e),
∂t
∂t
∇ 2 h0z − V 2
∂ 2 h0z
∂t 2
(27)
(28)
= 0,
(29)
where
g1 =
γ T0
,
2
ρc1
g2 = 1 +
µ0 H02
,
ρc2
g3 =
c2
V 2 = 12 ,
c
γ
,
ρcv
c2 =
1
.
ε0 µ0
The constitutive equations reduce to
u
− λ1 θ,
r
∂u
− λ1 θ,
σϕϕ = β 2 e − 2
∂r
σzz = (β 2 − 2)e − λ1 θ,
σrr = β 2 e − 2
(30)
(31)
(32)
Mrr = −λ2 h,
(33)
where
β2 =
λ + 2µ
,
µ
λ1 =
γ T0
,
µ
λ2 = β 2 +
µ0 H02
µ
.
In order to solve the problem, we need to consider both the initial conditions and the boundary conditions. The initial conditions
of the problem are assumed to be homogeneous. These initial conditions are supplemented by the following boundary conditions
T. He et al. / European Journal of Mechanics A/Solids 24 (2005) 349–359
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(1) The tangential components of the vector E are continuous across the surface of the cylinder, this gives
E(a, t) = E 0 (a, t),
t > 0.
(34)
(2) The surface of the cylinder is traction free, this gives
0 (a, t) = 0.
σrr (a, t) + Mrr (a, t) − Mrr
(35)
(3) The thermal boundary condition is that the surface of the cylinder subjected to a thermal shock
θ (a, t) = θ0 H (t).
(36)
3. Solution of the problem in the Laplace transform domain
Introducing the Laplace transform defined by
f¯(r, s) =
∞
e−st f (r, t) dt.
(37)
0
Applying (37) to both sides of Eqs. (27) and (28) respectively, we arrive at
(∇ 2 − g2 s 2 )ē − g1 ∇ 2 θ̄ = 0,
(38)
[∇ 2 − s(1 + τ0 s)]θ̄ − s(1 + τ0 s)g3 ē = 0.
(39)
Eliminating θ̄ between Eqs. (38) and (39), we get the following fourth-order partial differential equation satisfied by ē
(∇ 4 − A∇ 2 + C)ē = 0,
(40)
where
A = g2 s 2 + s(1 + τ0 s)(1 + g1 g3 ),
C = g2 s 3 (1 + τ0 s).
In a similar manner we can show that θ̄ satisfies the equation
(∇ 4 − A∇ 2 + C)θ̄ = 0.
(41)
Eq. (40) can be factorized as
(∇ 2 − k12 )(∇ 2 − k22 )ē = 0,
(42)
where ki2 (i = 1, 2) is the root of the following characteristic equation
k 4 − Ak 2 + C = 0.
(43)
The solution of Eq. (42) has the form
ē =
2
ēi ,
(44)
i=1
where ēi is the solution of the equation
(∇ 2 − ki2 )ēi = 0,
i = 1, 2.
(45)
The solution of Eq. (44), which is bounded as r → 0, is given by
ē =
2
Gi (s)I0 (ki r),
(46)
i=1
where Gi (s) is some parameter depending on s and I0 is the modified Bessel function of the first kind of order zero.
In a similar manner, we get
θ̄ =
2
i=1
Gi (s)I0 (ki r),
(47)
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where Gi (s) is some parameter depending on s.
Substituting from Eqs. (46) and (47) into (39), we get the following relation
s(1 + τ0 s)g3
Gi .
Gi = 2
ki − s(1 + τ0 s)
(48)
Substituting from Eq. (48) into (47), we obtain
θ̄ =
2
s(1 + τ0 s)g3
k 2 − s(1 + τ0 s)
i=1 i
Gi I0 (ki r).
(49)
In the Laplace transform domain the solution of Eq. (29) which is bounded as r → ∞ is given by
h̄0z = G3 (s)K0 (V sr),
(50)
where G3 (s) is some parameter depending on s and K0 is the modified Bessel function of the second kind of order zero.
In the Laplace transform domain, from Eqs. (11) and (46), we get
ū =
2
1
Gi (s)I1 (ki r).
ki
(51)
i=1
From Eq. (14), it yields
= w1 s
E
h̄ = −w1
2
1
Gi (s)I1 (ki r),
ki
i=1
2
Gi (s)I0 (ki r),
(52)
(53)
i=1
where
w1 =
µ0 H02
ρc12
.
The first equation in (13) and Eq. (50) give
0 = G3 (s) K1 (V sr).
E
V
Differentiating Eq. (51) with respect to r, we arrive at
2
∂ ū 1
Gi I0 (ki r) −
=
I1 (ki r) .
∂r
ki r
(54)
(55)
i=1
Thus from Eqs. (30)–(33), it can be obtained
s(1 + τ0 s)λ1 g3
2
2
I1 (ki r) ,
I0 (ki r) −
Gi (s) β − 2
σ̄rr =
ki r
ki − s(1 + τ0 s)
i=1
2
σ̄ϕϕ =
σ̄zz =
2
Gi (s)
i=1
2
s(1 + τ0 s)λ1 g3
2
I1 (ki r) ,
I0 (ki r) +
β2 − 2 − 2
ki r
ki − s(1 + τ0 s)
s(1 + τ0 s)λ1 g3
I0 (ki r),
Gi (s) β 2 − 2 − 2
ki − s(1 + τ0 s)
i=1
rr = λ2 w1
M
2
Gi (s)I0 (ki r).
(56)
(57)
(58)
(59)
i=1
We shall now use the boundary conditions in Eqs. (34)–(36) to determine the unknown parameter G1 (s) − G3 (s). Since the
transverse component of the vector h is continuous across the surface of the cylinder, that is h(a, t) = h0 (a, t), t > 0, where
T. He et al. / European Journal of Mechanics A/Solids 24 (2005) 349–359
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h0 (a, t) is the component of the induced magnetic field in free space and the relative permeabilities are assumed to be equal, it
0 (a, t) and Eq. (35) reduces to
follows that Mrr (a, t) = Mrr
σrr (a, t) = 0.
(60)
Making Laplace transform of both sides of boundary conditions
s) = E
0 (a, s),
E(a,
(61)
σ̄rr (a, s) = 0,
θ
θ̄ (a, s) = 0 .
s
(62)
(63)
Eqs. (61)–(63) give
w1 s
2
1
G
Gi I1 (ki a) = 3 K1 (V sa),
ki
V
(64)
i=1
2
Gi
i=1
s(1 + τ0 s)λ1 g3
2
I1 (ki a) = 0,
β2 − 2
I0 (ki a) −
ki a
ki − s(1 + τ0 s)
2
s(1 + τ0 s)g3
k 2 − s(1 + τ0 s)
i=1 i
θ
Gi I0 (ki a) = 0 .
s
(65)
(66)
Solving Eqs. (64)–(66), we obtain
G1 = −
l2 θ0
,
s(l1 n2 − n1 l2 )
G2 =
l1 θ0
,
s(l1 n2 − n1 l2 )
G3 =
(l1 r2 − r1 l2 )θ0
,
r3 s(l1 n2 − n1 l2 )
(67)
where
w1 s
w s
I1 (k1 a), r2 = 1 I1 (k2 a),
k1
k2
s)λ
g
s(1
+
τ
0
1 3
l1 = β 2 − 2
I0 (k1 a) −
k1 − s(1 + τ0 s)
s(1 + τ0 s)λ1 g3
l2 = β 2 − 2
I0 (k2 a) −
k2 − s(1 + τ0 s)
r1 =
s(1 + τ0 s)g3
I0 (k1 a),
n1 = 2
k1 − s(1 + τ0 s)
r3 =
1
K1 (V sa),
V
2
I1 (k1 a),
k1 a
2
I1 (k2 a),
k2 a
s(1 + τ0 s)g3
I0 (k2 a).
n2 = 2
k2 − s(1 + τ0 s)
4. Numerical inversion of the transforms
To obtain the solutions of the temperature, displacement, stress, induced magnetic field and electric field in the physical
domain, it is necessary to perform Laplace inversion for the considered variables obtained in Laplace transform domain. In this
paper an accurate and efficient numerical method is used to obtain the inversion of the Laplace transforms.
The inversion of the Laplace transform is defined as
1
f (r, t) =
2π i
υ+i∞
est f¯(r, s) ds,
(68)
υ−i∞
where s is the Laplace transform parameter.
Let s = υ + iw (υ, w ∈ R), the above formulation can be written as
eυt
f (r, t) =
2π
∞
−∞
eiwt f¯(r, υ + iw) dw.
(69)
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Expanding the function h(r, t) = e−υt f (r, t) in a Fourier series in the interval [0, 2T ], Durbin (1973) derived the approximation
formula
∞
1 ¯
kπ
eυt
kπ
¯
−
cos
Re f r, υ + i
f (r, t) =
Re f (r, υ) +
t
T
2
T
T
k=0
−
∞
k=0
kπ
kπ
¯
t
+ ED ,
Im f r, υ + i
sin
T
T
(70)
where ED is the discretization error. It is can be made arbitrarily small if the free parameter υT is large enough (see Honig and
Hirdes, 1984).
As the infinite series in Eq. (70) can only be summed up to a finite number N of terms, hence the approximate value for
f (r, t) is
fN (r, t) =
N
1 kπ
eυt
kπ
− Re f¯(r, υ) +
cos
Re f¯ r, υ + i
t
T
2
T
T
k=0
−
N
k=0
kπ
kπ
Im f¯ r, υ + i
sin
t .
T
T
(71)
When (71) is used to evaluate f (r, t), a truncation error ET is introduced.
In order to reduce the error, two methods are used. First, the ‘Korrektur’ method is used to reduce the discretization error
without enlarging the truncation error. Next, the ε-algorithm is used to reduce the truncation error and hence to accelerate
convergence. The details can see Honig and Hirdes (1984).
It should be noted that a good choice of the free parameters N and υT is not only important for the accuracy of the results
but also for the application of the Korrektur method and the methods for the acceleration of convergence. The values of υ and
T are chosen according to the criteria outlined by Honig and Hirdes (1984).
The inversion procedure will involve the use of the following asymptotic relations
µ − 1 (µ1 − 1)(µ1 − 9)
ez
1− 1
+
−
·
·
·
,
Iv (z) ∼ √
8z
2!(8z)2
2π z
(72)
µ − 1 (µ1 − 1)(µ1 − 9)
π −z
e
+
1+ 1
+
·
·
·
,
Kv (z) ∼
2z
8z
2!(8z)2
where µ1 = 4v 2 .
5. Numerical results and discussion
Let us consider an infinitely long isotropic cylinder of radius a made of copper material. The surface of the cylinder is taken
to be traction free, and the surface suffers from a thermal shock taken in the form as in (36). In the calculation process, the
following material constants are necessary to be known
λ = 7.76 × 1010 N m−2 ,
η = 8886.73 s m−2 ,
µ = 3.86 × 1010 N m−2 ,
cv = 383.1 J kg−1 K−1 ,
ε0 = 10−9 /36π F m−1 ,
αt = 1.78 × 10−5 K−1 ,
ρ = 8954 kg m−3 ,
µ0 = 4π × 10−7 H m−1 ,
T0 = 293 K,
7
H0 = 10 /4π A m−1 .
The other constants of the problem are taken as
θ0 = 1,
τ0 = 0.02,
a = 2.
The distributions of the non-dimensional temperature, displacement, stress, induced magnetic field and electric field at t = 0.2,
t = 0.3 and t = 0.4 are shown in Figs. 1–6 respectively.
It can be found from Fig. 1 that the temperature has a non-zero value only in a bounded region of space at a given instant.
Outside this region the value vanishes and this means that the region has not felt thermal disturbance yet. At different instants,
the non-zero region moves forward correspondingly with the passage of time. This indicates that heat propagates as a wave with
finite velocity in medium. It is completely different from the case for the classical theories of thermoelasticity where an infinite
T. He et al. / European Journal of Mechanics A/Solids 24 (2005) 349–359
Fig. 1. Temperature distribution.
Fig. 2. Displacement distribution.
Fig. 3. Radial stress distribution.
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Fig. 4. Hoop stress distribution.
Fig. 5. Induced magnetic field distribution.
Fig. 6. Induced electric field distribution.
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speed of propagation is inherent and hence all the considered functions have a non-zero (although may be very small) value for
any point in the medium.
From Fig. 2, it can be observed that the medium adjacent to the cylinder surface undergoes expansion deformation because of
thermal shock while the others compressive deformation. The deformation is a dynamic process. With the passage of time, the
expansion region moves insides gradually and becomes larger and larger. Thus the radial displacement of the cylinder surface
becomes larger and larger. At a given instant, the non-zero region of radial displacement is finite, which is due to the wave effect
of heat. It indicates that heat transfers into the deep of the medium with a finite velocity with the time passing. The more the
considered instant, the more the thermal disturbed region and the radial displacement correspondingly.
In Fig. 3, the radial stress at the cylinder surface is always zero. This is coincided with the mechanical boundary condition that
the cylinder surface is traction free. The medium close to the cylinder surface suffers from tensile stress. This is corresponding
to the radial expansion deformation of the medium shown in Fig. 2. It also can be find that the tensile stress region becomes
larger while the compressed becomes smaller with the time passing, which is corresponding to the dynamic expansion effect
described above. It can also be found from Fig. 3, at some instant, the non-zero region of stress is finite, which indirectly proves
the wave effect of heat.
From Figs. 5–6, it is easy to find the electromagneto-thermoelastic coupled effects. The electromagnetic medium is placed
in an initial magnetic field, and it deforms because of thermal shock. This makes the magnetic flux traversing the cross section
of the cylinder changed. Thus there result an induced magnetic filed and an induced electric field in the medium. It also can
be found the induced magnetic field and electric field vary with heat wave transferring into the deep of the cylinder, and again
proves the wave effect of heat.
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