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Assignment 7: due Friday, November 16
1. Fix n ≥ 1 and k ∈ [1, n]. For each r = 1, 2, . . . , n, let er,k := er−1 (x1 , . . . , xk−1 , xk+1 , . . . , xn ), an
elementary symmetric function in the variables {x1 , . . . , xn } r {xk }.
(i) Prove the identity:
Y
X
1
1
er,k tr .
, where Hn (t) :=
and Ek (t) := 1 +
Hn (t) · Ek (−t) =
1 − xk t
1 − xi t
1≤i≤n
1≤r≤n
Fix α = (α1 , . . . , αn ) ∈ Zn≥0 and consider the following n × n-matrices with polynomial entries:
Aα = |ai,j |, aij := (xj )αi ,
Bα = |bi,j |, bij := hαi −n+j ,
C = |ci,j |, cij := (−1)i · en−i,j .
(ii) Prove the matrix identity: Aα = Bα · C. Deduce that det Aα = det Bα · det C.
(iii) Check that, for ρ = (n − 1, n − 2, . . . , 1), we have det Bρ = 1.
(iv) Prove the determinantal identity: a(xα ) = a(xρ ) · det Bα .
2. Fix n ≥ 1 and let Dn (x) and Dn (y) denote the Vandermonde determinants in the variables
x1 , . . . , xn and y1 , . . . , yn , respectively. Let D(x, y) be an n × n-matrix with entries dij :=
(xi − yj )−1 . (i) Check that the rational function f (x, y) below is actually a polynomial:
Y
f (x, y) := det D(x, y) ·
(xi − yj ).
1≤i,j≤n
Show that the polynomial Dn (x) · Dn (y) divides f (x, y) in Q[x1 , . . . , xn , y1 , . . . , yn ].
(ii) Show that f (x, y) = c · Dn (x) · Dn (y) for some nonzero constant
c ∈ Q.
Q
(iii) Deduce the Cauchy identity: det D(x, y) = Dn (x) · Dn (y) · i,j (xi − yj )−1 .
3. Fix n ≥ k > 0. Let sλ ∈ Rn = C[x1 , . . . , xn ]Sn be the Schur polynomial associated with a
partition λ = (λ1 ≥ λ2 ≥ . . . ≥ λn ). Show that for any nonzero q ∈ C, such that q is not a root
of unity, one has
sλ (1, q, q 2 , . . . , q n−1 ) =
Y
1≤i<j≤n
q λi −i − q λj −j
.
q −i − q −j
4. Fix n, r ≥ 0, and put M =
The group Sr ×GL(M ) acts naturally on M ⊗r = M ⊗M . . .⊗M ,
where Sr acts by permutation of the r tensor factors, and g ∈ GL(M ) acts by g : m1 ⊗. . .⊗mr 7→
g(m1 ) ⊗ . . . ⊗ g(mr ). The subspace Symr M = (M ⊗r )Sr , resp. ∧r M = (M ⊗r )sign , of symmetric,
resp. skew-symmetric, tensors is GL(M )-stable.
(i) Show that, for g = diag(z1 , . . . , zn ), the diagonal matrix with eigenvalues z1 , . . . , zn ∈ C× ,
one has tr Symr M (g) = hr (z1 , . . . , zn ), resp. tr ∧r M (g) = er (z1 , . . . , zn ).
Let λ = (λ1 ≥ λ2 ≥ . . . ≥ λk ), be a partition of r and for each ` > 0 put d` (λ) := #{i | λi = `}.
Let s ∈ Sr be an element in the conjugacy class with cycle type λ and let g = diag(z1 , . . . , zn ) ∈
GL(M ), as in (i). The elements s and g give a pair of commuting linear operators on M ⊗r .
(ii) Prove that the trace of their composition is given by the formula
Y
tr M ⊗r (g ◦ s) =
p` (z1 , . . . , zn )d` (λ) ,
where p` (x) := x`1 + . . . + x`n .
Cn .
`
5. Let the group Sn be imbedded into GL(Cn ) via permutation matrices and E := {(z1 , . . . , zn ) ∈
Cn | z1 + . . . + zn = 0}. Thus, E is an Sn -stable subspace of Cn of dimension n − 1 and, for each
r = 1, 2, . . . , n, one has a natural Sn -action on ∧r E.
We claim that there is an isomorphism between the Sn -representation ∧r E and the Specht
module Vλ for an appropriate partition λ = λ(r), of n. (In particular, ∧r E is an irreducible
representation).
(i) Prove the claim and find λ(r) in the special cases r = 1, 2. (ii) Prove the general case.
1
6. Let a, b ∈ Mn (R). Show that the function f : R2 → Mn (R), (t, s) 7→ et·a es·b e−t·a e−s·b is
differentiable any number of times and one has
2 ∂ f = ab − ba.
∂t ∂s t=s=0
Below, V is a finite dimensional C-vector space. Write D(V ) for the algebra of differential
operators on V with constant coefficients. Given a subgroup G ⊂ GL(V ), let Ci [V ]G , resp.
Di (V )G ∼
= (Symi V )G , be the vector space of G-invariant homogeneous polynomials, resp. Ginvariant homogeneous differential operators with constant coefficients, of degree i. One has direct
sum decompositions:
C[V ]G = ⊕i≥0 Ci [V ]G
and D(V )G = ⊕i≥0 Di (V )G .
Definition. A polynomial f ∈ C[V ] is called G-harmonic if, for all i > 0 and u ∈ Di (V )G , we
have u(f ) = 0. Let Harm(G, V ) ⊂ C[V ] be the vector space of G-harmonic polynomials on V and
Harmk (G, V ) ⊂ Harm(G, V ) the subspace of homogeneous G-harmonic polynomials of degree k.
7. The special orthogonal group G = SO(Cn ) acts naturally on V = Cn . We identify C[V ] with,
∂2
∂2
C[x1 , . . . , xn ] and let ∆ := ∂x
2 + . . . + ∂x2 be the Laplace operator.
n
1
(i) Show that a polynomial f ∈ C[x1 , . . . , xn ] is G-harmonic iff one has ∆(f ) = 0.
(ii) Prove that, for any k ≥ 2, the Laplace operator gives a surjective linear map ∆ :
Ck [x1 , . . . , xn ] Ck−2 [x1 , . . . , xn ]. Find dim Harmk (V, G).
(iii) In the setting of Problem 9 of Assignment 6, prove that one has a direct sum decomposition
Ck [x1 , . . . , xn ] = Harmk (V, G) ⊕ r2 · Ck−2 [x1 , . . . , xn ],
k ≥ 2.
(iv) Prove that multiplication in the algebra C[x1 , . . . , xn ] induces a vector space isomorphism
∼
C[r2 ] ⊗C Harm(V, G) →
C[V ].
R
8. Let the group G ⊂ GL(V ) be compact and let G be an invariant integral on G. Show that a
polynomial f ∈ C[V ] is G-harmonic iff the following ‘mean-value property’ holds
Z
1
f (v0 + g(v)),
∀v0 , v ∈ V.
f (v0 ) =
vol(G) G
9. Let Sn ,→ GL(Cn ) be the embedding via permutation matrices. Let Vλ ⊂ C[x1 , . . . , xn ] be the
Specht module associated with a partition λ, of n.
Prove that any element f ∈ Vλ is an Sn -harmonic polynomial on Cn .
Notation: Let I(V, G) ⊂ C[V ], resp. I ∨ (V, G) ⊂ D(V ), be an ideal generated by the set of all
homogeneous G-invariant elements of the algebra C[V ], resp. D(V ), of (strictly) positive degree.
10.
(i) Show that a polynomial f ∈ C[V ] is harmonic iff one has u(f )(0) = 0 for all u ∈ I ∨ (V, G).
(ii) Let the group G be compact. Construct a G-invariant positive definite hermitian inner
product (−, −)C[V ] , on C[V ], such that (Ci [V ], Cj [V ])C[V ] = 0 for all i 6= j and, in addition, one
has
Harm(V, G) = I(V, G)⊥ , where I(V, G)⊥ := {f ∈ C[V ] | (f, I(V, G))C[V ] = 0}.
2
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