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Assignment 4: due Friday, October 26
1. Let G be a cyclic group of order 7 written multiplicatively, and let g be a generator of G. Let
A = CG.
(i) Find spec a, where a = 3g + 16 ∈ A.
(ii) Find the number of solutions x ∈ CG of the equation x5 = x. Give explicit formulas for
the solutions.
2. Let G = Z/36Z be a cyclic group of order 36. Define a function f ∈ C{G} as follows:
( 2πin
if x = 6n mod 36, n = 0, 1, . . . ;
e 6
f (x) =
0
otherwise.
b (that is, the set of all χ ∈ G
b such that
Find the support of the function FG (f ) ∈ C{G}
FG (f )(χ) 6= 0) where FG denotes the normalized Fourier transform.
3. Let G be the group of orientation preserving euclidean motions of R3 which take a cube C ⊂ R3
into itself. Let X be the set of faces of C. The group G acts naturally on X, hence, also on
C{X}.
(i) Decompose C{X} into a direct sum of irreducible G-subrepresentations (describe those
subrepresentations explicitly).
(ii) Let u : C{X} → C{X} be a C-linear map defined by the formula
X
(uf )(x) :=
f (y)
{y∈X | y is adjacent to x}
(summation is taken over the 4 faces which have a common edge with the face x).
Find the eigenvalues of the map u and describe the corresponding eigenspaces.
4. Let G → GL(V ) be a finite dimensional continuous representation of a compact group G and
let S ⊂ V be a convex G-stable subset. Show that there exists a G-fixed point s ∈ S.
5. Let k be a field. For each a ∈ k× and each b ∈ k, let ga,b : k → k be an affine-linear map given
by ga,b (x) = a · x + b. The transformations {ga,b , a ∈ k× , b ∈ k} form a group G(k) with respect
to the composition operation.
(i) Give an example of a representation ρ : G(k) → GL(V ) in a finite dimensional vector space
V over k (not, over C) which is not irreducible but which can not be decomposed as a direct
sum of irreducible subrepresentations.
(ii) Let k = Z/5Z be the field of residues modulo 5. Classify all irreducible finite dimensional
representations ρ : G(k) → GL(V ) in complex vector spaces V , up to isomorphism. Hint:
show that the action of the element g1,1 in V can be diagonalized and look at the action of other
elements of the group G(k) in the basis formed by eigenvectors of the element g1,1 .
(iii) Let k = R. We identify the group G(R) with the set {(a, b) ∈ R2 | a 6= 0}, an open subset
of R2 , via the map ga,b 7→ (a, b).
Find a nonzero continuous function φ : G(R) → R× , (a, b) 7→ φ(a, b), resp. ψ : G(R) →
R× , (a, b) 7→ ψ(a, b), such that φ(a, b) · da db is a left invariant, resp. ψ(a, b) · da db is a right
invariant, measure on the group G(R). Check that the function ψ is not a constant multiple of
the function φ.
(iv) Classify all (complex) finite dimensional continuous irreducible representations of the group
G(R) up to isomorphism.
2
6. Let dx be the standard Lebesgue measure on Mn (R) ∼
= Rn and view G = GLn (R) as an open
subset of Mn (R). Find a positive continuous function φ : G → R>0 , such that φ(x)dx is a left
invariant measure on the group G.
1
7. Let G be the multiplicative group (i.e. the group of invertible elements) of the ring HZ =
{x0 + x1 i + x2 j + x3 k |, x0 , . . . , x3 ∈ Z}, of interger Quaternions. Classify irreducible complex
representations of G up to isomorphism.
8. Let G be the following group of upper triangular 3 × 3-matrices


1 x z 

G = gx,y,z = 0 1 y , x, y ∈ R, z ∈ R/Z .


0 0 1
∼
Thus, the assignment gx,y,z 7→ (x, y, z) gives a bijection G →
R × R × (R/Z). We equip G with
the natural topology on the set R × R × (R/Z).
(i) Check that elements of the form g0,0,z , z ∈ R/Z, form a central subgroup of G which is
isomorphic to S 1 .
(ii) Show that the group G does not have a faithful continuous finite dimensional complex
representation, i.e., any continuous homomorphism G → GL(V ), where V is a finite dimensional
complex vector space, is not injective.
9. Let F be a finite field with q elements, and let G = SL2 (F). The group G acts linearly on the
2-dimensional vector space F2 and fixes the origin 0. Hence, G acts on the set X := F2 r {0},
the complement of the origin. Below, we are interested in the natural G-representation in the
vector space C{X}. To this end, for any group homomorphism χ : F× → S 1 ⊂ C× , in C{X},
we define a subspace
C{X}χ := {f ∈ C{X} | f (z · x) = χ(z) · f (x), ∀z ∈ F× }.
(i) Check that C{X}χ L
is a G-stable subspace of C{X} and there is a vector space direct sum
decomposition C{X} = χ∈Hb C{X}χ , where we put H := F× .
b the G-representation C{X}χ is irreducible ?
(ii) For which χ ∈ H
(iii) Give an explicit C-basis of the C-algebra A := EndCG C{X}, of G-intertwiners C{X} →
C{X}, and write an explicit multiplication table for the basis elements.
(iv) Decompose C{X} into simple G-representations, and compute dimensions of these simple
representations.
(v) Show that there exist simple representations of G which do not occur in the decomposition
of C{X}.
10. Write ∂ :=
d
dt , fix
n
m, n > 0, and let
F = ∂ + f1 (t)∂ n−1 + . . . + fn−1 ∂ + f0 ,
G := ∂ m + g1 (t)∂ m−1 + . . . + gm−1 ∂ + g0
be a pair of ordinary differential operators with rational coefficients (i.e. with coefficients
in C(t)). Assume that F and G commute (as operators). Then, for any polynomial
p =
P
P
i y j ∈ C[x, y], there is a well defined differential operator p(F, G) =
i ◦ Gj ,
c
x
c
F
i,j i,j
i,j i,j
where F i := F ◦ . . . ◦ F (i times), resp. Gj := G ◦ G ◦ . . . ◦ G (j times).
(i) Check that the following operators provide an example of a commuting pair:
1
d3
1 d
1
d2
−
2
,
G
=
− 3 2 + 3 3.
2
3
dt
t
dt
t dt
t
3
2
3
2
Show that F = G , i.e. one has p(F, G) = 0, where p = x − y ∈ C[x, y].
It turns out that one has the following general result: If F and G commute then there exists
a nonzero polynomial p ∈ C[x, y] such that one has p(F, G) = 0.
(ii) Prove this result in the special case where n = 2. Hint: For each λ ∈ C, let Vλ be the space
of solutions ψ ∈ C ∞ (a, b) of the differential equation F (ψ) = λ · ψ, on a small enough segment
F =
2
[a, b] ⊂ R. The operator G acts on Vλ . Use that there exists a polynomial pλ ∈ C[y] such that
pλ (G|Vλ ) = 0. Then, analyze the dependence of solutions ψ on the initial condition at the point
a to show that one can find pλ in such a way that the function (λ, µ) 7→ pλ (µ) gives a polynomial
p ∈ C[x, y] such that p(F, G) = 0.
Remark. The set of polynomials p ∈ C[x, y] such that p(F, G) = 0 is an ideal in C[x, y]. Basic
algebraic geometry implies that this is a principal ideal generated by some polynomial f . Thus,
the algebra C[F, G], of differential operators generated by F and G, is isomorphic to C[x, y]/(f ).
The complex curve C = {(λ, µ) ∈ C2 | f (λ, µ) = 0} is called the spectral curve for (F, G). This
name is motivated by the following result:
(iii) Given a commuting pair F, G, and the polynomial f , as above. Then, for λ, µ ∈ C, we have
f (λ, µ) = 0
⇐⇒
there exists ψ ∈ C ∞ (a, b) such that F (ψ) = λ · ψ
& G(ψ) = µ · ψ.
This is a starting point of the theory of integrable systems. The example in (i) is related
to the Korteweg-de Vries equation which was, historically, the first example of an integrable
system. There are many deep connections between integrable systems, algebraic geometry and
representation theory. For example, Drinfeld’s notion of ‘Shtuka’ was strongly inspired by his
earlier works on integrable systems, on the Korteweg-de Vries equation in particular.
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