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Introduction
Ernesto Gutierrez-Miravete
Fall 2002
1 Variables: Real and Complex
Real variables x are quantities who adopt values from the set of real numbers while complex
variables z adopt pvalues from the set of complex numbers x + iy where x and y are real
variables and i = 1. x is called the real part and y the imaginary part of the complex
number x + iy. Real numbers can be represented as points along the real axis while complex
numbers must pbe represented using a (complex) plane. Useful related concepts are the
modulus jzj = x2 + y2 and the complex conjugate z = x iy.
If z1 = x1 + iy1 and z2 = x2 + iy2 then the basic algebraic operations are:
z1 z2 = (x1 x2 ) + i(y1 y2 )
z1z2 = (x1 + iy1 )(x2 + iy2 )
x x +y y
xy xy
z2=z1 = 1 22 21 2 + i 1 22 22 1
x1 + y1
x1 + y1
Introducing polar coordinates with radius r and amplitude r sin and a useful alternative representation of z is
then x = r cos and y =
z = x + iy = r(cos + i sin ) = rei
The factor e represents a rotation of the real vector r through an angle in the complex
plane.
i
1
2 Elementary Functions
Functions whose arguments are real variables are called functions of a real variable, f (x),
while functions whose arguments are complex variables are called functions of a complex
variable, f (z).
For instance, the integral power function (n = integer) is
f (z ) = z = (x + iy) = r (cos + i sin ) = r e = r (cos n + i sin n)
The polynomial is just a linear combination of the above, i.e.
n
n
n
n
f (z ) =
The power series about a is
f (z ) =
which converges whenever
jz
aj <
N
X
1
=0
n
1=
The circular and hyperbolic functions are
n
An z n
n
X
L
=0
n in
An (z
a)n
1
lim !1 j
n
sin z = e 2ie
iz
cos z = e +2 e
iz
sinh z = e 2 e
z
ez + e
+1
An
An
j
iz
iz
z
z
cosh z = 2
If the complex variable z = e where w is complex, then the complex logarithm is
w = Logz = log jz j + i
Note that this function is multivalued having innitely many branches and a single branch
point at z = 0. The principal value of is restricted to 0 < 2.
w
P
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3 Analytic Functions of a Complex Variable
The derivative of a function of a complex variable is dened as
df
f (z + z ) f (z )
=
f 0 (z ) = lim
!0
dz
z
If a function f (z) has a nite derivative (regardless the direction of approach) and is
single valued at each point in a region it is called analytic and its derivative is continuous.
Let z = x + iy and w = f (z) = u(x; y) + iv(x; y) then, if f (z) is analytic the CauchyRiemann equations hold
z
@u
@x
@u
@y
@v
= @y
@v
@x
=
A consequence of the analyticity of w is that its real and imaginary parts satisfy Laplace's
equation and are called harmonic functions.
r2u = r2v = 0
4 Line Integrals
The integral of a function of a real variable f (x)dx is a generalization of the line integral
(over a curve C from z0 to z1) of a function of a complex variable f (z) = u + iv
Rb
a
Z
C
f (z )dz =
Z
C
(udx
vdy) + i
Z
C
(vdx + udy)
If the curve C can be enclosed in a simple connected region where f (z) is analytic the integral
is path independent. Also, if f (z) = dF (z)=dz then
Z
C
f (z )dz =
Z z
0
z
Furthermore, if z0 = z1
I
C
1
dF (z ) = F (z1 ) F (z0 )
f (z )dz = 0
which is Cauchy's integral theorem. The positive direction of integration is the one that
maintains the enclosed area to the left.
Example: Study the line integration of the function f (z) = 1=z.
3
Finally, if M is an upper bound for jf (z)j and L is the length of C
j
Z
C
f (z )dz j ML
If C is a curve in the complex plane and C a smaller circular contour (center = , radius
= ) completely inside C
f (z )
f (z )
dz =
dz
I
I
C
and in the limit as ! 0
z
C
1
f (z ) =
2i
which is Cauchy's integral formula.
z
f ()
d
z
C I
5 Ordinary Dierential Equations
An ordinary dierential equation is an equation relating two variables in terms of derivatives.
The linear ODE of order n is
dn y
dn 1y
dy
+
a
(
x
)
+
::: + an 1 (x) + an (x)y = Ly = h(x)
1
n
n 1
dx
dx
dx
where L is the linear dierential operator. The function(s) y = u(x) which when substituted
a0 (x)
above makes left and right hand sides equal is called a solution of the dierential equation.
If h(x) = 0 the dierential equation is called homogeneous.
6 Linear Dependence
The set of functions u1(x); u2(x); :::; u (x) is called linearly independent if none of the functions in the set can be expressed as a linear combination of the others. If the functions are
linearly independent their Wronskian determinant
n
W (u1 ; u2 ; :::; un ) =
du du
dx dx
dn u dn
u
dxn
dxn
u1 u2 :::::un
1 2 ::::: dun
dx
:::::::::::::::::::::::::::::::::
1 1
1 2
dn 1 u
1
1 ::::: dxn 1n
is zero.
4
7 Complete Solutions
If u1(x); u2(x); :::; u (x) are linearly independent solutions of Ly = 0, the general solution of
the equation is
y (x) = c u (x)
n
n
X
H
k
k
=1
k
Now, if h(x) 6= 0, a particular solution of Ly = h(x) is y (x) and the complete solution
becomes
y(x) = y (x) + y (x) = c u (x) + y (x)
P
n
X
H
P
k
=1
k
k
P
8 Linear Dierential Equations
The rst order linear dierential equation is
dy
+ a (x)y = h(x)
dx 1
Introducing the integrating factor p(x) = exp( a1(x)dx, the solution is
1 phdx + C
y(x) =
p
p
where C is an integration constant.
Example. Solve xy0 + (1 x)y = x exp(x).
The equation
d 1y
dy
dy
+
a1
+
::: + a 1 + a y = Ly = h(x)
Ly =
1
dx
dx
dx
is called the n th order ODE with constant coeÆcients. The general homogeneous solution
is
y (x) = c exp(r x)
=1
and the associated characteristic equation is
r + a1 r 1 + ::: + a 1 r + a = 0
which may involve imaginary roots. Also, sometimes roots of the characteristic equation are
repeated. In this case less than n independent solutions result but the missing solution can
be obtained from the condition of the vanishing of the partial derivatives with respect to the
repeated roots. Therefore, the part of the homogeneous solution corresponding to an m-fold
root r1 is
exp(r1x)(c1 + c2x + c3x2 + ::: + c x 1)
R
Z
n
n
n
n
n
n
n
X
H
k
k
k
n
n
n
n
m
5
m
9 Particular Solutions by Variation of Parameters
Suppose that the general homogeneous solution of the equation
dy
d 1y
dy
Ly =
+
a1 (x)
+
:::
+
a
(
x
)
+ a (x)y = Ly = h(x)
1
dx
dx 1
dx
has been obtained and it is of the form y (x) = =1 c u (x). A particular solution of the
complete equation can be obtained by replacing the constant parameters c is the above
solution by certain functions of x satisfying certain conditions, i.e.
y (x) = C (x)u (x)
n
n
n
n
n
n
Pn
H
k
k
k
k
n
X
P
k
k
=1
k
Succesive dierentiation and manipulation of y (x) produces two expressions which are used
to obtain the C 's.
For instance for the equation
d2 y
dy
+
a(x) + b(x)y = f (x)
2
dx
dx
the solution obtained by the method of variation of parameters is
u (x)f (x)
u (x)f (x)
y (x) = u1 (x) 2
dx + u2 (x) 1
dx
W (x)
W (x)
where
W (x) = W (u1 ; u2 ) = u11 u22
P
k
Z
Z
P
du du
dx dx
is the Wronskian of u1(x) and u2(x).
10 Initial and Boundary Value Problems
The general solution of an ODE involves N arbitrary constants which must be determined
by n suitably prescribed supplementary conditions. For example, the value of the function
and of its rst n 1 derivatives may be prescribed at the single point x = a. If this is the
case one talks about an initial value problem and if the coeÆcients and h(x) are continuous
there exists a unique solution
y(x) = c u (x) + y (x)
n
X
k
=1
k
k
P
On the other hand, if the values of the function and/or certain of the derivatives are
prescribed at two points x = a and x = b, othe talks about a boundary value problem. In
this case the solution may or may not exist and may or may not be unique.
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