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1
Vector Spaces and Matrix Notation
De…nition 1 A matrix: is rectangular array of numbers with n rows and m
columns.
Example 1 a.
2
0
1
3
b.
2
0
1 1
3 2
c.
a11
a21
a12
a22
The …rst is square with n = 2 and m = 2; the second is rectangular,
n = 2 and m = 3: The third is written with its row-column index arow;col
explicit so that aij is the element in the ith row and jth column.
The only restriction on n and m is that the be integers, i.e., whole numbers
greater than or equal to one. There are some important special cases
De…nition 2 A scalar is matrix with n and m both equal to one. If n = 1
but m is greater than one 1, the matrix is called a row vector and is written
X = fxj g with j as the column index.. If m = 1 but n is greater than one 1,
the matrix is called a column vector and is written X = fxi g with i as the row
index.
De…nition 3 A transpose of a matrix reverses its row column index
M T = fmji g
the transpose of a row vector is a column vector and vice-versa.
De…nition 4 A linear combination Z of vectors X and Y is
Z = aX + bY
where a and b are given weights.
[M ]
a
b
m11 a + m12 b
m21 a + m22 b
= Z
= Z1
= Z2
De…nition 5 2 vectors are said to be independent if Z = 0 implies that both a
and b are both zero. In other words, it is impossible to locate the origin with
non-zero weights.
De…nition 6 A 2-dimensional vector space is spanned by a linear combination
of 2 independent vectors.
The Keynesian model can be expressed in matrix notation
1
C +I
C + cY
= Y
= C
C Y
C + cY
=
=
I
C
De…nition 7 or:
1
C+
1
1.1
1
Y =
c
I
C
Operations
De…nition 8 Scalar multiplication.
A = faij g is zA = Bfzaij g
The product of a scalar z and a matrix
Note the convenient way we have represented the matrix A as the row-column
index on the same, but lowercase letter, aij : The matrix B is the product and
is the same size a A was before it was multiplied.
Example 2 Let z = 3; and A =
6
0
2
0
1
3
. We then have zA = B where B =
3
9
De…nition 9 Matrix multiplication. The product of two matrices, A and B is
equal to C under some restrictive conditions. First A and B must “ conform”
to multiplication. This means that column index of A must be equal to the row
index of B: The dimension of C is then the row index of A and the column
index of B: Second, the multiplication must follow a speci…c pattern. To get
the …rst element of C; that is c11 take the …rst row of A and multiply it elementby-element times the …rst column of B and the add up the results. To get the
get the second element of C, that is, c12 ; take the …rst row of A and multiply
it by the second column of B, element by element, add up the results. The
element cij is then
m
X
cij =
aik bkj
k=1
2
0
Example 3 The product of the matrix
1
3
and
1
3
2
4
is
5 8
9 12
:
The matrices conform since both are 2 2 and thus the column index of the
…rst matrix is equal to the row index of the second. The product matrix has
the row index of the …rst and the column index of the second.
2
Example 4
a b
c d
Example 5
1
0
1.2
1.2.1
2
1
x y
=
z w
2
1
3 4
2
4
3
ax + bz
cx + dz
3
5
2 5=
1
ay + bw
cy + dw
12
14
12
6
Properties of Matrix Multiplication
Vector Spaces are di¤erent from Rn
1. Matrix multiplication is …nicky about the order of multiplication. While
we normally think that ab = ba, it is not true for matrices (except for
some special cases). If we reverse the order of multiplication above,
2 7
then we get
, an entirely di¤erent matrix. We use the terms
6 15
postmultiply to indicate multiplication from the right and premultiply to
indicate multiplication from the left.
2. It is possible to multiply rectangular matrices as long as they conform and
the result if another rectangular matrix. In the example above, matrices
a and b do conform because a is a 2 2 and b is a 2 3: The product
matrix c is a 2 3: Reversing the order of matrix multiplication in this
case does not work because they do not conform; the column index of b
is 3 and this does not agree with the row index of a:
3. Two row vectors cannot be multiplied times each other, nor can two column vectors. A special case of matrix multiplication is a row vector
multiplied times a column vector. Since the row vector has a row index
of one and a the column has column index of one the product is a scalar or
1 1 matrix. This multiplication is called a scalar, inner or dot product.
4. Suppose A = (aij ) is m
n and B = (bjt ) is n
k, t = 1; 2; :::; k. Then
(a) (AB) C = A (BC)
Associative Law of Multiplication
(b) A (B + C) = AB + AC
Left Distributive Law of Matrix Multiplication over Addition
(c) (B + C) A = BA + CA
Right Distributive Law of Matrix Multiplication over Addition
(d) For any scalar r, r (AB) = (rA) B = A (rB)
Associative Law of
Scalar and Matrix Multiplication
1.3
Determinants
If a matrix is square (that is, if it has the same number of rows as columns),
then you can assign to it a number called its determinant. Determinants can be
used to solve matrix equations. They are also useful in determining whether a
matrix has an inverse, without actually going through the process of trying to
…nd its inverse.
3
1.4
Determinant of a 2 x 2 Matrix
Let M be the 2
a
c
or
a
c
2 matrix
b
d
. Then the determinant of M , denoted jM j
b
, is given by
d
jM j = ad
1.5
bc
The Determinant of a Square Matrix
Now let A be an n
n matrix.
1. The minor Mij of the element aij is the determinant of the matrix obtained by deleting the ith row and the jth column of A.
2. The cofactor is a signed minor. For Aij of the element aij is
i+j
Aij = ( 1)
Mij
If A is an n n matrix, then the determinant of A is obtained by multiplying
each element of the …rst row by its cofactor, and then adding the results. In
symbols,
a11
a21
a12
a22
a1n
a2n
jAj =
an1 an2
= a11 A11 + a12 A12 +
1.6
ann
+ a1n A1n
Identity Matrix
The n n identity matrix I has ones down the main diagonal (upper-left corner
to lower-right corner) and zeroes elsewhere. The 3 3 identity matrix, for
example, is
2
3
1 0 0
I=4 0 1 0 5
0 0 1
The inverse of an n
1.7
n matrix A is an n
n matrix B satisfying AB = I.
Matrix inversion
1. The inverse of an n
n matrix A is an n
4
n matrix B satisfying AB = I.
2. We can use matrix algebra to solve the linear system
AX = b
by premultiplying by A
1
1
A
where A
1
AX = A
1
b
is the inverse matrix for matrix A.
3. For A to have an inverse, it must
(a) have the same number of rows and columns
(b) have rows and columns that all linearly independent (sometimes
known as full rank). This can be determined by the Invertibility Criterion which says that matrix A has an inverse if and only if
jAj =
6 0:
(c) Square matrices that do not have inverses are called singular
4. To invert a 2x2 matrix,
a11
a21
a12
we follow a set of rules:
a22
(a) Calculate the determinant
(b) Calculate the adjoint matrix. For each entry aij of A, let Aij be
the cofactor of aij . The adjoint matrix of A is de…ned to be the
n n matrix whose entry in the ith row and j th column is Aji . (note
transpose)
(c) Divide the adjoint by the determinant. If A is a nonsingular square
matrix, then
1
adj A
A 1=
det A
(d) Check to see that the product of the matrix and its inverse gives the
identity matrix.
Example 6
A =
det A =
adjA =
A
1
=
5 6
8 7
13:0
7
6
8 5
0
7
B 13
= @
8
13
5
6 1
13 C
A
5
13
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